We propose a mean field model to describe second harmonic generation in a resonator made of a material with zincblende crystalline structure. The model is obtained through an averaging of the propagation equations and boundary conditions. It takes into account the phase-mismatched terms, which act as an effective Kerr effect. We analyze the impact of the different terms on the steady state solutions, highlighting the competition between nonlinearities.
I. INTRODUCTION
Frequency conversion through a quadratic nonlinear process plays an important role in many technological applications, such as the production of optical sources [1] , bio photonics [2] or quantum information [3] . Waveguides with nanometric scale are particularly well suited for frequency conversion. They can confine light down to sub-wavelength scales, strongly increasing the efficiency of nonlinear effects. LiNbO 3 on insulator and III-V-insulators are currently holding the record of normalized frequency conversion in nanowaveguides [4, 5] . III-V semiconductors are attracting an increasing attention for the fabrication of nanophotonic devices. Their elevated refractive index [6] , which allows a high confinement of light inside a waveguide, large second order nonlinear response [7] and transparency range make these materials excellent candidates to host quadratic nonlinear processes. Efficient conversion requires matching the phases of the different interacting waves [8] . It can for example be achieved by use of higher order spatial modes [9, 10] . Furthermore, the interaction length and the pump field power can be increased by using ring resonators [11, 12] . In that case however, in contrast to straight waveguides, the waveguide direction changes along the propagation. Most III-V compound seminconductors have a Zinc blende structure, which has43m symmetry [13] . The effective nonlinearity in these materials changes its sign after a π/2 rotation [14, 15] . Therefore light evolution in a ring waveguide is equivalent to a propagation in a poled medium with a πR poling period, where R is the radius of the resonator. Thus, in ring-shaped waveguides an efficient frequency conversion is achieved when a modal quasi phase matching (QPM) is verified [16] . This effect has been experimentally observed in whispering gallery mode resonator [13, 17, 18] . A periodic variation of the effective nonlinear coefficient can also be obtained by periodically poling the resonator during its fabrication [19] [20] [21] .
When QPM is satisfied, at least one three wave mixing process is out of phase-matching. Due to phasemismatched terms, there is a fast and continuous exchange of energy between second harmonic and fundamental fields. When these terms are properly averaged, they give birth to an effective Kerr-like effect [22] , which is known as the cascading limit [23] . The impact of this limit has been largely studied in bulk material and single pass propagation [24] and can be used for pulse compression [25] and ultra broad band light generation [26] . However, in the case of resonators, the impact of mismatched terms on the dynamics is yet to be studied [14, 27] .
In this paper we derive a mean-field model that describes second harmonic generation in a passive quasiphase-matched III-V-on-insulator cavity. Our starting point is the exact map modeling the resonator, which is equivalent to the Ikeda map for a passive ring resonator [28] . We derive a mean-field model which takes into account the phase-mismatched terms. We find that these terms can affect the resonances under certain circumstances and change the efficiency of SHG. While the presented analysis focus on III-V semiconductors rings, we stress that this study can easily be generalized to any resonator with a periodically varying effective nonlinearity.
The paper is organized as follows. In Sec. II, we describe light propagation in a curved waveguide, and we focus on how the nonlinear coefficient changes as a consequence of the bending. In Sec. III , we derive a meanfield equation which models the resonator and takes into account the phase mismatched terms. The Sec. IV is devoted to study the stationary solutions as a function of the modal distribution of the generated wave. Finally, in Sec. V, we summarize our results and discuss their implications in the design of cavity enhanced SHG.
II. DESCRIPTION OF THE RESONATOR
The studied device is sketched in Figure 1 . The resonator is a ring shaped waveguide with rectangular cross section made of a III-V semiconductor grown on an insulator, which we suppose to be SiO 2 . Light is injected in the resonator through a bus waveguide. We consider that the waveguide is made of InGaP grown in the [010] direction, a material already employed in straight waveguides to frequency conversion [29] . Nevertheless, the following analysis is valid for any other material with the crystalline structure43m, such as GaAs, GaP and ZnSe.
The electric field E(r ⊥ , φ, ω) propagating in a waveg-arXiv:1912.09175v1 [physics.optics] 19 Dec 2019 uide can be expressed in the following manner:
where β a and β b are the propagation constants of each mode, ω 0 is the frequency of the pump wave, |a(φ)| 2 and |b(φ)| 2 represent the power of each mode, e a and e b are the corresponding vectorial mode distribution of the electric field, and N j are the normalization constants provided by the following expression:
where δ ij is the Kronecker delta and h is the vectorial mode distribution of the magnetic field. The power carried by fundamental and second harmonic is described by the ensuing system of ordinary differential equations:
where ∆β = 2β a −β b corresponds to the phase mismatch, α a , α b are the losses associated to the propagation. κ is the nonlinear coefficient, whose value is determined by the symmetries of the crystalline structure and the relative angle that propagation direction forms with crystal axes. In the case of materials with43m structure, the only tensorial element which does not vanish is χ (2) xyz with x = y = z. The value of χ (2) xyz has been measured for In-GaP to have a value as high as 220 pm/V around 1550 nm [7] . The coefficient κ in a frame such as propagation direction and crystallographic axes are aligned reads:
xyz (e * x b e y a e z a + e * y b e x a e z a + e * z b e x a e y a )dS, (4) where crystal axes have been denoted as (x, y, z) and the span of integration is restricted to the InGaP waveguide cross section (G). During propagation, the orientation between crystal and propagation direction changes and forms an angle φ. Both frames can be related through the transformation (x, y, z) = (e ρ cos(φ) − e φ sin(φ), y, e ρ sin(φ)+e φ cos(φ)), where (e ρ , y, e φ ) are the vectorial base in cylindric coordinates. In our analysis, we consider only processes involving a pump with a polarization that is mainly in the ρ direction (quasi-TE) and a generated wave with polarization along the y direction (quasi-TM). Thus the first and third term in Eq. (4) are negligible and can be safely disregarded. Phase matching can also be obtained through other polarization configurations, although they have lower values of |κ ± |. The circular shape of the problem makes the nonlinearity κ to become a periodic function of φ, which in our case is composed by two Fourier modes, that we have denoted as κ ± . If κ is expressed in cylindrical coordinates, it can be written as
dS.
(5) Note that the periodic κ makes that SHG can be at least quasi-phase-matched with two different pump wavelengths, which are ∆β = ±2R −1 [14, 30] . However, QPM does not guarantee that both waves are resonant in the cavity.
The value of κ ± depends on the involved mode distributions. In Figs . The waveguide has a cross section with dimensions of width w=1250 nm and height h=135 nm and bend radius of R=15 µm. The pump wavelength is supposed to be at 1550 nm. The values of the nonlinear coefficients are κ + = −1869i W −1/2 m −1 and κ + = 1466i W −1/2 m −1 when the generated mode is TM 00 and κ + = 20i W −1/2 m −1 and κ − = 1158i W −1/2 m −1 when the generated mode is TM 10 . It is worth to notice that while in the first case the values of κ ± remain of the same magnitude, when the generated mode is TM 10 , κ ± have different order of magnitude. This effect has already been reported in previous studies [13, 14] .
Modes are affected by waveguide bends. As a consequence the value of κ changes as a function R. In order to study this influence, we have numerically computed κ ± as a function of the ring radius for the two examples previously considered. Fig. 2 (e) and 2(f) show |κ ± | as a function of the waveguide bending radius R for a generated mode TM 00 and TM 10 respectively. The displayed insets in these plots correspond to the Poynting vector of the second harmonic mode with R = 15 µm. When the second harmonic mode is TM 00 , both |κ ± | are of the same order of magnitude for any value of R. However, when the generated mode is TM 10 , |κ + | is smaller by orders of magnitude than |κ − | when R is close to 15 µm. Numerical simulations show that the value of R with a minimum |κ + | depends on the waveguide dimensions h and w. A common approximation is to neglect the non-phase matched terms. Nevertheless, this approximation may not be valid in certain limits. In the next section, we describe how to include the phase-mismatched terms in a mean-field model that properly describes the dynamics for any value of κ ± .
III. DERIVATION OF THE MODEL
The oscillatory behaviour of κ(φ) shown in the precedent section has an important impact on the dynamics of the resonator. In this section, we derive a mean field model that takes into account the full profile of κ(φ) along each roundtrip. Our starting point is the system of equations (3), which describes the evolution of the fields in a waveguide, and the following boundary condition equa-tions:
where a (n) , b (n) are related to the electric field power at the m th roundtrip; |a in | 2 is the input power, L is the resonator length and θ is the power transmission of the coupling. These conditions relate the outcome of the m th roundtrip with the income of the (m + 1) th one. To further proceed, boundary conditions are explicitly included into the evolution equations. A similar approach has been already employed to generalize the Lugiato-Lefever model of a passive fiber cavity [32] or in micro resonators [33] . This method consists on unfolding the cavity and modelling it as a waveguide with periodic localized gain and losses. Mathematically, these conditions can be expressed by making use of a Dirac delta comb, that we include in the right hand side of Eqs. (3) . In addition to include boundary conditions into equations, we expand both propagation constants around the closest resonances:
is an integer number which is different for resonances β a and β b . Thus, the evolution equations read as:
where α c = θ 2 L −1 are the losses associated to the coupling with the bus waveguide. These equations are Eqs.
(3), but forced by a Dirac delta comb. This forcing models the periodic gain and losses described by the boundary conditions of the resonator. The Dirac delta comb can be expressed as a Fourier series by making use of the Poisson resumation identity:
Proceeding in this way, and employing Eq. (8), Eqs. (7) becomes:
Without loss of generality, the process involving κ + is considered to be quasi-phase-matched, i.e 2n a − n b = −2. This kind of phase-matching is known as4-QPM [16] . However, the results can be easily generalised to 2n a − n b = 2 or for any polled resonator where QPM is verified. Thus, the evolution equations read as:
By definition, detunings δ a and δ b are related by the natural phase matching relation δ b = 2δ a = 2δ 0 if phase-matching is verified for any value of detuning, i.e. ∆β = 2R −1 . As a first order approximation, we can neglect complex exponentials in the left hand side of equations (10) . However this simplification, also known as the fast rotating wave (FRW) approximation, may not be accurate for large values of |κ − |. In order to derive a model that also describes the regimes where κ − has a nonnegligible contribution, we employ the averaging method described in Ref. [34] . To start, we express a(φ) and b(φ) as a Fourier series (a, b) = (a m (φ), b m (φ))e imφ , where each coefficient m can be seen as a longitudinal mode of the cavity, and substitute them in Eqs. (10) . Then, by collecting the exponentials that vary at the same frequency and normalizing, considering critical coupling, and equal losses for both modes α a = α b = α, the following system of equations is obtained :
where F = π(αL) −1 and the normalization is:
Rα −1 φ. Then, we have a system of equations for each longitudinal mode of the cavity. These modes interact via the nonlinear terms and the periodic losses induced by the coupling with the bus waveguide. In this expansion, the order n = 0 represents the averaged dynamics over one roundtrip. Note that all the coefficients of the system do not have the same order of magnitude, while ∆ and ρ have an order of magnitude close to the unit, F may reach values of hundreds for high quality resonators. The difference of magnitude orders among terms allows to make use of a multi-scale expansion when n = 0. Therefore, by writing (A n , B n ) = (A (m) n , B
(m) n ) m , where the multi-scale parameter is = F −1 , an infinite hierarchy of equations is obtained:
where we only show the cases where there is a coupling with the order n = 0 at 0 . For low values of ρ, it is safe to make the approximation :
These are algebraic equations that relate the mode with n = 0 with modes n = ±4. Therefore the evolution of the dimenensional fields a(φ) and b(φ) can be expressed as:
where a 0 and b 0 are given by the following differential equations:
where γ = −|κ − | 2 L/(8π). Equations (15) and (16) show that the entire dynamics at this approximation order is given by the averaged fields. The fields a 0 and b 0 are governed by Eqs. (16) and interact in two different ways. The first one is the phase-matched SHG and corresponds to terms involving κ + . The second one is an equivalent to a third order non linearity. This nonlinearity does not exactly correspond to a pure Kerr interaction, since the field b 0 does not have self-phase modulation. In addition, the field a 0 has a self-and cross-phase modulation of opposite signs. The magnitude of the third order nonlinearity corresponds to the well-known cascading limit, which is γ = |κ − | 2 /(2∆β) [22] . The evolution of the mean field is fundamentally different from previously obtained models for cavity enhanced SHG [35, 36] . In order to see the effect of mismatched terms and compare results to the outcome of a model where the FRW approximation has been used, we performed some numerical simulations. We considered a resonator F=300, pumped in the fundamental TE mode with |a in | 2 =200 mW. We supposed a critically coupled resonator. Dimensions were chosen such as the process involving κ + verifies QPM at λ p =1550 nm: h =130 nm, w =1250 nm and R =14.5 µm. The values of κ + = 38i W −1/2 m −1 and κ − = 1101i W −1/2 m −1 . We considered a normalized detuning ∆ =-0.4. In Fig. 3 (a) and (b) the intracavity power evolution of fundamental and SH are respectively plotted. The dark solid line corresponds to the map. The fast oscillations are due to the mismatched terms and are clearly appreciated in the insets. The blue dashed-dotted line corresponds to Eq. (16) after considering the FRW approximation, i.e. after doing γ =0. From the figure it is clear that the FRW approximation is not valid in the presented regime because the stationary states mean-value are different. The green dashed line corresponds to the solution of Eqs. (16) . Both the map and the mean field model show a good agreement. In the insets of Fig. (3) , we display a zoom of the last roundtrips. In solid black, we plot the results obtained numerically. In dashed red
Pump SH 1 0 in Fig. 3 (a) and dashed magenta in Fig. 3 (b) we have plotted the result obtained through the expressions (15) . The value of A 0 and B 0 employed in the analytical expression is obtained from the averaged value of the fields over one roundtrip. We can see that both curves are nearly superimposed.
Equations (16) show a competition between the phasematched terms, which are involved in the frequency conversion, and an effective Kerr. In the next section, we will study how the resonances of the system are affected as a function of the different modes.
IV. THE RESONANCES OF THE CAVITY
In this section, we analyse the role of the phasemismatched terms in the resonances of the system. In normalized form, Eqs. (16) read:
whereγ = sign(∆β)|κ − | 2 /(8|κ + | 2 F). The normalized coefficientγ shows the relevance of phase-mismatched terms. Note thatγ has a non negligible value and affect the steady states of the system when |κ ± | have different order of magnitude. More precisely, the coefficientγ shows that mismatched terms are relevant when |κ − | |κ + |. This limit can be found, as shown in section 2, for certain ring radius values when the phase-matched term is TM 10 . In order to study the impact ofγ and verify the validity of the mean field equations as a function of the detuning, we compared the steady states obtained with the map and with Eqs. (17) . In order to get rid of eventual oscillations of the map steady states, we calculated the mean value of intensity over one roundtrip. The stationary states of Eqs. (17) were found by impos-ingȦ =Ḃ = 0 and making use of numerical continuation by means of the free distribution program AUTO [37] . The value of |a in | is chosen such as ρ is constant for both examples and ρ = 2.34. This value of ρ is below the threshold where SHG steady states show bistablity or the limit where the system will show self-pulsing [38] . The resonator dimensions are chosen such as SHG is quasiphase-matched at λ p =1550 nm with a R=15.25 µm and w = 1250 nm. Finesse is set to F = 300.
The first studied case corresponds to a resonator where QPM is verified for the mode TM 00 . The values of the nonlinear coefficients are |κ + | = 1613i W −1/2 m −1 and κ − = 1305i W −1/2 m −1 . The value ofγ =-3×10 −4 and thus, the impact of mismatched terms is negligible. The intracavity power of the steady states as a function of ∆ is displayed in figure 4 (a). Within this limit, resonances are symmetric with respect to the detuning and the maximum intracavity power for second harmonic is found for zero detuning [39, 40] . We have also studied the case where the generated mode is TM 10 . The values of nonlinear coefficients are |κ + | = 57i W −1/2 m −1 , and κ − = 1083i W −1/2 m −1 . In this case,γ=-0.16. The impact of phase-mismatched terms is now relevant. The effect of Kerr-like terms is to induce an asymmetry in the resonaces and the maximum intracavity power of second harmonic happens for ∆ > 0. If the quasi-phase matching ∆β R = 2R −1 is verified and |κ − | |κ + |, then the symmetry of the resonance would change. Within this situation, the maximum of SH intracavity amplitude would be found for values of ∆ < 0. In both cases, there is a good agreement between the results obtained with the map and the mean-field model.
V. CONCLUSIONS
In this paper, we have analyzed quasi phase matched SHG in a ring resonator made of a semiconductor with zinc blende structure. Previous models that describe SHG in ring resonators neglect the role of phasemismatched terms. However, these terms can play an important role. In our approach, we have derived in a rigorous manner a mean-field model that takes into account the phase mismatched processes. Starting from the map equation, which is equivalent to Ikeda map for a passive fiber ring cavitiy, we have found that phase-mismatched terms act as an effective third order nonlinearity. Using the mean-field model, we have determined that this effective nonlinearity plays a fundamental role for certain values of waveguide bend radius. The analysis shown in this paper takes as a example materials with zinc blende structure, but our results can readily be generalized to other resonators made of polled materials. Our analysis shows the importance of phase mismatched terms and how they can affect the resonances of the cavity. We believe that this analysis may pave the way to a more accurate modelling of the continuous wave dynammics in a resonator, which is fundamental to the understanding of frequency conversion or frequency combs in χ (2) materials.
VI. ACKNOWLEDGES
This work was supported by funding from the European Research Council (ERC) under the European Union's Horizon 2020 research and innovation programme (grant agreement Nos 757800). P. P-R acknowledges the support from the Fonds de la Recherche Scientifique F.R.S.-FNRS.
